Portfolio optimization methodologies play a central role in strategic asset allocation (SAA), where it is desirable to have portfolios that are efficient, diversified, and stable. Since the development of the traditional mean-variance approach of Markowitz (1952) , many improvements have been made to overcome problems such as lack of diversification and strong sensitivity of optimal portfolio weights to expected returns.
Introduction
Portfolio optimization methodologies play a central role in strategic asset allocation (SAA), where it is desirable to have portfolios that are efficient, diversified, and stable. Since the development of the traditional mean-variance approach of Markowitz (1952) , many improvements have been made to overcome problems such as lack of diversification and strong sensitivity of optimal portfolio weights to expected returns.
The Black and Litterman (1992) model (BL) is among the most used approaches. The idea behind this model is that expected returns are the result of two important sources of information: the first is market information in the form of equilibrium returns (implicit returns that clear out the outstanding market allocation), and the second is analysts' views, which tilt the market portfolio to another diversified portfolio compatible with investor beliefs. In this fashion, portfolio managers get an intuitive but formal model to generate optimal allocation.
However, while the BL model offers a very useful and intuitive approach to deal with asset allocation, the inputs considered for the calculation of equilibrium returns are subject to estimation error, and thus expected returns will also contain estimation error. Michaud (1998) proposed the use of a statistical tool known as resampling to deal with estimation error, which is an important source of lack of diversification in mean-variance portfolios. This technique considers that data come from a stochastic process instead of being a deterministic input as in Markowitz (1952) .
This paper proposes the use of a portfolio optimization methodology which combines features of both the BL and resampling methodologies. This novel methodology allows the combination of equilibrium and investor's views as in BL, and at same time deals with estimation risk as in Michaud (1998) . Thus, it generates robust and diversified optimal allocations which are desirable properties for long-term investors such as central banks and sovereign wealth funds. We empirically test the new methodology using a sample of fixed income and equity indices, achieving very supportive results. We find strong evidence supporting the use of resampling techniques to improve standard models like BL and Markowitz, and this result is more pronounced for medium levels of risk. In general, our proposed methodologies, both with and without views, generated very competitive portfolios compared to the other methodologies, considering the three evaluation dimensions: financial efficiency, diversification, and allocation stability. For medium levels of risk, our methodologies are markedly better than others.
The remainder of this paper is as follows. The next section offers a brief literature review of asset allocation methodologies. The third section describes the BL resampling combined methodology. The fourth section describes the empirical study, including data and implementation and presents the results. The fifth section concludes the paper by reviewing the main results.
Literature review
The seminal work of Markowitz (1952) provided the first model for asset allocation, arguing that once expected returns and their joint variance were defined, a set of efficient portfolios could be generated and investors would choose the allocation according to their needs. Basically, the approach could be summarized as follows:
where X is the vector of expected excess returns, a is the vector of allocations, and V is the variance-covariance matrix of returns. Despite its mathematical simplicity, this model typically generates concentrated allocations which heavily depend on expected returns estimation. Resampling techniques (Michaud, 1998) were developed as a way to deal with estimation error. Markowitz recognized that resampling methods could be used to obtain better estimates for the inputs of the mean-variance optimization (Markowitz and Usmen, 2003) . Jorion (1991) used the Bayesian approach to overcome the weakness of expected returns estimated solely by sample information. He proposed an estimator obtained by "shrinking" the mean values toward a common value, chosen to be the expected return for the minimum variance portfolio. Kempf et al. (2002) pursued this Bayesian line and considered estimation risk as a second source of risk, determined by the heterogeneity of the market, which is represented by the standard deviation of the expected returns across risky assets. Both methods proved to generate better out-of-sample estimates for expected returns (as opposed to in-sample estimates), and produced more diversified portfolios. Black and Litterman (1992) built a bridge between statistical methods and expert judgment by recognizing that the capital asset pricing model (CAPM) offers an excellent starting point for expected excess returns. Thus, combing CAPM with investors' views would produce intuitive and diversified allocations. For that, BL assumes that equilibrium returns (CAPM returns that clear out the market) are well described by the following anchor relationship:
where X is the observed returns vector, which is just a realization of the multivariate normal process with mean  (equilibrium returns), covariance matrix  , and an scale parameter  which measures the degree of confidence the investor has with regard to equilibrium estimates (the nearer the parameter to zero, the higher the confidence in equilibrium estimates).
In addition to this, BL postulates that returns have another important source of information, coming from investor's views:
where Q denotes the vector of expected return views (this could be absolute or relative) and  is the uncertainty in those views. Since  is not an easy-to-obtain parameter, we employ the Idzorek (2004) approach, which measures the uncertainty through a degree of confidence and implicitly calculates  . With both sources of information, the combined process is also a multivariate normal, as follows:
where P denotes the portfolio view matrix whose dimension is a function of the number of views (rows) and the number of assets (columns). Needless to say, since market capitalization offers a well-diversified portfolio, the optimal allocation (in general) will have this property, with tilts reflecting investors' views introduced in the model. Finally, Michaud (1998) adapted the resampling statistic technique to mean-variance optimization, recognizing that return history is just a realization of the stochastic process behind it. Also, only if stationarity holds and in a large sample environment, the point estimates could statistically resemble the true distribution parameters. Suppose that we have a vector of expected excess return 0 X and a variance-covariance matrix denoted by 0  (both estimated with a sample of returns of length k), assuming that returns come from a multivariate normal distribution (with parameters ( 0 , 0  X )), the procedure resamples n times joint returns of length k and estimates different parameters ({(
)}), which allow us to obtain n efficient frontiers. For a given portfolio, the resampled weights are given by the average of portfolio weights of the n samples:
where R a is the vector of the assets' weights in the resampled portfolio, and i a s are the weights of each of the n realizations.
Several out-of-sample evaluations have shown results in favor of resampling methodology, using different sets of data (see, for instance, Markowitz and Usmen, 2003; Pawley, 2005; Wolf, 2006; Fernandes and Ornelas, 2009 ). However, these evaluations cannot give definitive conclusions in favor of using resampling, given sampling limitations. Nevertheless, Fernandes and Ornelas (2009) and Kohli (2005) point out that resampled portfolios have two desirable characteristics for long-term investors. First, they usually generate portfolios that have greater diversification as more assets enter into the solution than in classical meanvariance efficient portfolios. Second, the model exhibits smoother transitions and less sudden shifts in allocations as return expectations change, meaning that the transaction costs of rebalancing the portfolio are typically lower. On the other hand, the traditional resampling methodology, considered as an ad hoc methodology, has been criticized because of its lack of a theoretical basis.
Description of the BL resampling methodology
Since, as already mentioned, the source of estimation error comes at the first part of the BL model and spreads out until the end, we combine the BL model with the resampling technique. This could be summarized as follows:
1. Estimate the BL expected return vector X and the covariance matrix  from historical inputs and possibly also in combination with analysts' views.
2.
Resample from the results obtained in Step 1, by taking n draws of length L from a multivariate normal distribution with return vector X and covariance matrix  .
4.
For each of the n sets of expected returns and covariance matrix calculated in
Step 3, calculate the efficient frontier using traditional Markowitz optimization. The output of this step will be a set of n efficient frontiers.
5.
For each risk level, calculate the average portfolio weights across the n efficient frontiers. These weights define the portfolios of the BL resampling frontier. The risk × return profile of the BLR can be calculated using the expected return vector X and the covariance matrix  from Step 1.
The BL resampling methodology overcomes the highly criticized weakness of the traditional resampling approach as only an ad hoc methodology. This combined methodology has the theoretical background of an equilibrium model as in Black and Litterman (1992) . At the same time, the use of resampling enriches the Bayesian BL approach to optimization, by recognizing estimation error.
Empirical study

Data and implementation
Our tests are based on monthly data of 15 indices of bonds and stocks from six developed countries. For bonds, we use six developed countries' government bond indices from BofA Merrill Lynch, and one US corporate bond index, also from BofA Merrill Lynch. For equities, we use the Thomson Datastream market indices from five countries, and three US equity market indices, divided by market capitalization: S&P500 Composite, S&P 400 Midcap, and S&P600 Small Cap. The period of the sample is from January 1986 to December 2009, with a total of 288 months. The sample has data from market capitalization and total return index levels. All total return time series are calculated on a US-dollar basis, and we use the 3-month US T-Bill rate when calculating excess returns. We are aware that this assumption favors US assets. The US dollar is typically the numeraire considered by global investors, such as central banks, pension funds, and multinational institutions. Table 1 presents the descriptive statistics of each asset class considered.
The return time series used present the usual financial statistical characteristics, presenting a positive risk premium, negative skewness, and excess kurtosis. Figure 1 presents the risk return information for the considered asset classes. Note that, except for the Japan equity, there is an upward slope of the tendency line indicating the positive risk premium.
Figure 1
Risk-return estimates of asset classes
The list of methodologies that we address in this paper is shown in Table 2 . The first one is the traditional Markowitz (Mark) approach (Markowitz, 1952) , which uses quadratic optimization considering historical data to estimate risk and return. Resampling (Res) is the methodology proposed in Michaud (1998) .
Two methodologies are based on the Black and Litterman (1992) article. The first one considers just equilibrium risk and return estimates (BL), while the second (BLView) applies the complete BL model, which combines equilibrium estimates with analysts' views. In this latter case, we consider the historical averages as the analysts' views with a confidence of 50% (we use the Idzorek (2004) framework to set the confidence level). It is important to highlight that we are not supporting any specific view methodology, but pointing out that our portfolio optimization technique may be used considering any analysts' views.
Finally, we have two methods that combine BL methodology with resampling, which were described in Section 3. The first one, BLRes, combines the BL model with the resampling methodology. The second, BLViewRes, combines the BL equilibrium model with the same analysts' views of the BLView model and also applies the resampling technique. We analyze the performance of these six optimization strategies. We vary the estimation period (p) in an out-of-sample analysis. The parameters are estimated using monthly return observations of the past p months. Then we define the efficient risky portfolio and hold it for the next (e) months. Then we re-estimate the parameters and adjust the portfolio weights. We evaluate the methodology's performance with a no short-selling constraint as is usual in the industry. We consider three levels of investors' risk preference (low, medium, and high) in order to infer if the results are sensitive to investors' level of risk aversion. We use an estimation period of 60 months, and evaluation periods of 6 and 12 months.
To find out which methodology outperforms the others, we take into account three evaluation dimensions -financial performance, allocation stability, and diversification -as ideally an investor would prefer stable, diversified, and financially efficient portfolios. To judge the financial performance of the strategies, we compute their empirical Sharpe ratios, and to evaluate the stability of the allocation weights generated by the methodology, we calculate the average turnover of the portfolio in the re-estimation events. To infer the diversification, we use the mean Herfindahl index, given by the sum of the squared asset allocation weights. Table 3 presents the results of the Sharpe ratio, Herfindahl index, and turnover for each methodology considering three levels of risk for the optimal portfolio: low (panel A), medium (panel B), and high (panel C). The estimation period (p) considered was 60 months and the evaluation period (e) was 6 months. So, the optimizer considers the previous 5 years of data to estimate the frontier portfolios and holds the allocation for the next 6 months, for which the returns are calculated. After that, the frontier is re-estimated again considering the previous 5 years of data, and so on until the end of the sample period.
Results
Comparing first the Markowitz (Mark) results against resampling (Res), we can see that for the three levels of risk, the Res portfolio outperformed the Mark one in all three evaluation dimensions considered. The Res portfolio turned out to be more financially efficient, diversified, and stable. This is a well-known result in the literature when we compare the traditional Markowitz approach with resampling (Markowitz and Usmen, 2003) . As resampling techniques typically generate more diversified portfolios, they tend to reduce turnover and increase financial out-of-sample efficiency.
When we compare the BL equilibrium with the BL equilibrium with resampling (BLRes) results, we find out more supportive numbers related to the use of resampling. For every level of risk, the Sharpe ratio, the Herfindahl index, and the turnover are better for the BLRes.
Finally, in the results for the BL with analysts' views (BLView) and the resampled BL with analysts' views (BLViewRes) methodologies, the previous findings remain, with the BLViewRes outperforming in every dimension the BLView.
As a general first conclusion, we found strong evidence supporting the use of resampling techniques to improve standard models, and this result is more pronounced for medium levels of risk. The reason for this might be related to the fact that for intermediate levels of risk in the frontier, we will typically find more substitute asset classes (asset classes with similar risk-return characteristics). For low and high levels of risk in the frontier, we usually find few eligible asset classes and optimal portfolios tend to be more concentrated.
Another interesting result is that our proposed resampling BL methodologies (BLRes and BLViewRes) generated very competitive portfolios when compared to the other methodologies, considering the three evaluation dimensions and the three levels of risk. Specifically for the medium level of risk, our two proposed methodologies outperform all the others in terms of Sharpe ratio and Herfindahl index. For turnover, the equilibrium BL model is the only one that outperforms our proposed methodologies.
For the high-risk portfolios (panel C of Table 3 ), the low financial performance of the methodologies based on equilibrium (BL and BLRes) is notable. It may be caused by the outlier position of the Japan equity portfolio in Figure 1 , since the equilibrium approach would increase the expected returns of this asset because of its high risk. Thus, Japan equities would enter into the optimization with a higher expected return, but realized returns would still be lower. In order to check whether this low performance is related to the presence of the Japan equity in the sample, we ran the optimization exercise without Japan equities. Results for the high-risk portfolios were considerably different, and now favor BL and BLRes against Mark and Res. This is evidence that these equilibrium methodologies are very sensitive to outliers' assets in terms of risk and return. The estimation period (p) considered was 60 months and the evaluation period (e) was 6 months.
To evaluate the robustness of our findings so far, Table 4 presents the results with an evaluation period of 12 months, ie the optimizer considers the previous 5 years of data to estimate the frontier portfolios and holds the allocation for the next year, for which the returns are calculated. After that, the frontier is re-estimated again considering the previous 5 years of data, and so on until the end of the sample period.
The results are pretty much in line with the ones presented in Table 3 , with resampling techniques typically improving results of the standard approaches. Again, this result is more pronounced for intermediate levels of risk. Our proposed methodologies (BLRes and BLViewRes) are still very competitive compared to the other methodologies, considering the three evaluation dimensions and the three levels of risk.
In general, Sharpe ratios are smaller when compared with the results in Table 3 . This is due to the fact that as we increase the evaluation period, the out-of-sample financial efficiency tends to diminish. In terms of diversification, the numbers are similar, so it seems that the methodologies are not affected in terms of diversification by the increase of the evaluation period. However, the turnover increased reasonably, indicating that in order to reduce transaction costs, the portfolios should be re-estimated more often. The estimation period (p) considered was 60 months and the evaluation period (e) was 12 months.
Conclusion
This paper deals with a well-documented issue in mean-variance optimization, related to the fact that this methodology typically leads to unintuitive portfolios with extreme positions in asset classes. We proposed the use of an optimization approach that takes advantage of both BL and resampling techniques to incorporate the main positive aspects of both previous powerful techniques. It is a stochastic general equilibrium model, which can be used as a tool for both passive and active strategies. The main idea is to estimate the efficient frontier using the BL model but consider this frontier as just an input to the resampling method.
We empirically test our methodology using a comprehensive sample of bond and stock indices. Compared to traditional portfolio optimization methodologies, we have reached very supportive results. We found strong evidence supporting the use of resampling techniques to improve standard methodologies, and this result is more pronounced for medium levels of risk. The reason for this might be related to the fact that for intermediate levels of risk in the frontier, we will typically find more substitute asset classes (asset classes with similar riskreturn characteristics). For low and high levels of risk in the frontier, we usually find few eligible asset classes and optimal portfolios tend to be more concentrated.
Generally speaking, our proposed methodologies, both with and without views, generated very competitive portfolios compared to the other methodologies, considering the three evaluation dimensions: financial efficiency, diversification, and allocation stability. For medium levels of risk, our methodologies are markedly better than others.
It is important to highlight that a recommendation of a specific methodology for deriving analysts' views is out of the scope of the present study. The view considered in this article is just a naive example to show that the proposed methodology may be adapted to the analysts' views. We argue that the proposal of views methodologies is still an open avenue for future research in portfolio management.
